Appendix A

Self-Adjoint Operators for Adiabatic Oscillations in Stellar Atmospheres 1

In this appendix we show that adiabatic oscillations in a hydrostatic magnetized atmosphere have zero growth rate. In the adiabatic case, the eigenvalue problem for the square of the frequency, equations (2.10)-(2.13), can be cast in the familiar form:

LΨ = ω^2Ψ (A.1)

with the eigenvector Ψ = ( χ ξ ) = ( iU W ) (A.2)

We have used χ = iU to absorb all the factors of i. The linear operator L then has the form

LΨ = ( c^2(k^2χ + k^{dξ}_{dz} +^k_{γHP} ξ) + a^2(k^2χ −^{d2χ}_{dz2} ) −c^2(k^{dχ}_{dz} +^{d2ξ}_{dz2} +^1_γ (^1_{HP 2} −^1_{HP 2}^{dHP}_{dz} −^1_{HP HD} )ξ +^{γ−1}_{γHP} kχ +^1_{HP}^{dξ}_{dz} ) ) (A.3)

1This is the appendix from a Solar Physics paper with A. Kosovichev, E. Spigel, and L. Tao (Birch et al., 2001b). This appendix was mostly my work, though L. Tao helped with some of the writing.

where H_D = (^{d log ρ0}_{dz} )^{−1}, H_P = (^{d log P0}_{dz} )^{−1} are the density and pressure scale heights (which in general can be functions of depth). Implicit in the definition of this boundary-value eigenvalue problem are the boundary conditions, but we defer their consideration for now. To discuss the spectral properties of the operator L, we need to define an inner product:

⟨Ψ_a = (χ_a, ξ_a), Ψ_b = (χ_b, ξ_b)⟩ = ∫_{z2} z_1

dzρ_0[χ^∗_aχ_b + ξ^∗_aξ_b] . (A.4)

Our treatment holds for arbitrary hydrostatic stratification. The magnetic field does not change the equilibrium because it has no current.

Let us consider the following inner product:

⟨Ψ_a, LΨ_b⟩ = ∫_{z2} z_1 dzρ_0c^2 [ k^2χ^∗_aχ_b + kχ^∗_a dξ_b dz + k γH_P χ^∗_aξ_b + α^2 ( k^2χ^∗_aχ_b − χ^∗_a d^2χ_b dz^2 ) − kξ^∗_a dχ_b dz − ξ^∗_a d^2ξ_b dz^2 − 1 γ ( 1 H_P^2 − 1 H_P^2 dH_P dz + 1 H_P H_D ) ξ^∗_aξ_b − γ − 1 γH_P kξ^∗_aχ_b − 1 H_P ξ^∗_a dξ_b dz ]

where α^2 =^{a2}_{c2} .

Partial integration on the α^2χ^∗_a^{d2χb}_{dz2} , ξ^∗_a^{d2ξb}_{dz2} and kξ^∗_a^{dχb}_{dz} terms gives:

⟨Ψ_a, LΨ_b⟩ = ∫_{z2} z_1 dzρ_0c^2 [ 2k ( χ^∗_a dξ_b dz + dξ^∗_a dz χ_b ) + 2k γH_P (χ^∗_aξ_b + ξ^∗_aχ_b)

+ α^2 dχ^∗_a dz dχ_b dz + dξ^∗_a dz dξ_b dz + (1 + α^2)k^2χ^∗_aχ_b − 1 γ ( 1 H_P H_T − 1 H^2_P dH_P dz ) ξ^∗_aξ_b ] + B where B represents the boundary contribution:

B = − [ ρ_0c^2 ( ξ^∗_a dξ_b dz + α^2χ^∗_a dχ_b dz + ξ^∗_aχ_b ) ]_{z2} z_1

. (A.5)

Each of the three terms in the B have simple physical interpretations. The

140 APPENDIX A. ADIABATIC MAGNETO-ACOUSTIC OSCILLATIONS

α^2 term depends only on the horizontal motions and corresponds to the magnetic energy flux through the boundaries. By choosing either χ or dχ/dz to vanish at the boundaries, the magnetic term can be removed. The other two terms combine as the total mechanical energy flux through the boundaries. They can be removed by setting ξ = 0 on the boundaries. For our numerical study here, we have set ξ = 0 and dχ/dz = 0 at both the top and bottom boundaries, and B is identically zero. These mathematically convenient boundary conditions therefore correspond to physically consistent boundary conditions.

Whenever the boundary contributions can be neglected, the operator L with the given inner product and boundary conditions is self-adjoint:

⟨Ψ_a, LΨ_b⟩ = ⟨LΨ_a, Ψ_b⟩ (A.6)

and its eigenvalues ω^2 are real.

When the boundary terms are non-zero, the linear operator is no longer selfadjoint, and the eigenvalues ω^2 are in general complex. Physically we see that this instability is forced via the transfer of energy through the boundaries since the operator is otherwise self-adjoint in the bulk of the atmosphere.

Appendix B

Definition of Travel Time1

This appendix is a detailed derivation of equation (3.50), which gives the linearized relationship between perturbations to the travel time and perturbations to the crosscorrelation. According to equation (3.45) the travel times τ_+(1, 2) and τ_−(1, 2) are the time lags which minimize the functions

X_±(1, 2, t) = ∫_∞ −∞ dt^′ f(±t^′) [ C(1, 2, t^′) − C^{ref} (1, 2, t^′ ∓ t)

]_2 . (B.1)

As a result the time derivatives of X_± evaluated at τ_± are zero:

Ẋ_±(1, 2, τ_±) = 0 . (B.2)

Notice that Ẋ does not involve a time derivative of the observed cross-correlation C. In order to obtain the travel-time perturbations δτ_± we need to linearize around the zero-order travel times τ^0_±, which are defined by

τ^0_±(1, 2) = argmin_t { X^0_±(1, 2, t) } . (B.3)

The functions X^0_± refer to equation (B.1) evaluated for C = C^0, where C^0 is the zero-order cross-correlation in the reference model. Linearizing equation (B.2) about

1This appendix is from (Gizon & Birch, 2002)

142 APPENDIX B. DEFINITION OF TRAVEL TIME

τ_± = τ^0_± gives δτ_±(1, 2) = − δẊ_±(1, 2, τ^0_±) Ẍ 0_±(1, 2, τ 0_±) . (B.4)

The functions δẊ_± are given by

δẊ_±(1, 2, t) = ±2 ∫_∞ −∞ dt^′ f(±t^′)Ċ^{ref} (1, 2, t^′ ∓ t)δC(1, 2, t^′) . (B.5)

We can then compute Ẍ^0(τ^0_±) by straightforward differentiation of equation (B.1). The result for δτ_±(1, 2) is thus

δτ_±(1, 2) = ∫_∞ −∞ dt W_±(1, 2, t)δC(1, 2, t) , (B.6)

with W_±(t) = ± 1 D f(±t)Ċ^{ref} (t ∓ τ^0_±) (B.7)

where D = ∫_∞ −∞ dt^′ [ f(±t^′)C^0(t^′)C̈^{ref} (t^′ ∓ τ^0_±) ± ḟ(±t^′)C^{ref} (t^′ ∓ τ^0_±)Ċ^{ref} (t^′ ∓ τ^0_±) ] . (B.8)

We have suppressed the spatial arguments 1 and 2 in the above equation for the sake of readability. This is the general linearized result for arbitrary C^{ref} and f. The only assumption is that the perturbation to the cross-correlation is small compared to the zero-order cross-correlation. Note that we have not written an explicit expression for τ^0_±, which needs to be computed numerically by minimizing X^0_±(t) (eq. [B.3]).

In the case where C^{ref} and C^0 are even in time, τ^0_+ = τ^0_−. For the choice C^{ref} = C^0, the zero-order travel times are both zero, τ^0_± = 0. This choice is recommended if a theoretical model is available to the observer. With C^{ref} = C^0 the weight functions W_± simplify to: W_±(1, 2, t) = ∓f(±t)Ċ^0(1, 2, t) ∫_∞ −∞ dt^′ f(±t^′)[Ċ^0(1, 2, t^′)]^2

. (B.9)

In the example presented in Section 3.4.2 we choose C^{ref} = C^0 and f(t) = Hea(t).

Appendix C

Fourier Conventions1

This appendix outlines the Fourier conventions that are used throughout this dissertation. Given a function q(x, t), of horizontal position x and time t, we employ the convention that the function q(x, t) and its Fourier transform q̌(k, ω) are related by q(x, t) = ∫∫_∞ −∞ dk ∫_∞ −∞ dω e^{ik·x−iωt} q̌(k, ω) , (C.1) q̌(k, ω) = 1 (2π)^3 ∫∫_∞ −∞ dx ∫_∞ −∞ dt e^{−ik·x+iωt} q(x, t) , (C.2) where k is a two-dimensional horizontal wave vector and ω is the angular frequency. We commonly use the same symbol for q and q̌: the arguments make clear whether the function or its transform is intended. We use the notation q(k, ω) when q(k, ω) only depends on the magnitude of k, not its direction, for example in the filter function F (k, ω). We note that for functions q(x, t) which do not vanish at large ‖x‖ or |t| the Fourier transform is not defined. In particular there is a problem for the case when the observable is not windowed in space or time. In such a case, q(k, ω) is intended to mean the Fourier transform of the function q(x, t) truncated to zero for |t| > T/2 and ‖x‖ > √ A/π, where the time interval T and the area A are both large and finite. This modification enables us to refer to the Fourier transform of a stationary/homogeneous random function (cf. Yaglom, 1962, for a rigorous formalism).

1This appendix is from (Gizon & Birch, 2002)

144 APPENDIX C. FOURIER CONVENTIONS

When a function of four arguments, Q(x, t; x^′, t^′), depends only on the separations x − x^′ and t − t^′ (translation invariance), we use the following conventions: Q(x − x^′, t − t^′) = Q(x, t; x^′, t^′) , (C.3) Q(k, ω) = 1 (2π)^3 ∫∫_∞ −∞ dx ∫_∞ −∞ dt e^{−ik·x+iωt} Q(x, t) . (C.4) The above conventions are employed, in our example, for the functions m^0(k, ω), G(k, ω; z), and G(k, ω). Finally, we recall the relations ∫_∞ −∞ dt e^{iωt} = 2π δ_D(ω) , (C.5) ∫∫_∞ −∞ dx e^{−ik·x} = (2π)^2 δ_D(k) , (C.6)

which are very useful in rewriting the kernels in Fourier space (Appendix D).

Appendix D

Two-Dimensional Travel-Time Sensitivity Kernel 1

In this appendix we derive surface gravity wave travel-time kernels, K^a_± and K^γ_±, for perturbations to local source strength and damping rate respectively. These kernels connect travel-times perturbations, δτ_±, to perturbations to the model:

δτ_±(1, 2) = ∫ (A) dr δa(r) a K^a_±(1, 2; r) + ∫ (A) dr δγ(r) γ K^γ_±(1, 2; r) . (D.1)

Here δa(r)/a is the local fractional change in the source strength and δγ(r)/γ the local fractional change in damping rate. The spatial integral ∫ (A) dr is a twodimensional integral taken over all points r on the surface z = 0. From section 3.4.1 we know that in order to compute kernels we first need to write the perturbation to the cross-correlation in terms of the functions C^a and C^γ (see eq. [3.69]): δC(1, 2, t) = ∫ (A) dr δa(r) a C^a(1, 2, t; r) + ∫ (A) dr δγ(r) γ C^γ (1, 2, t; r) . (D.2)

The general expression for δC(1, 2, t) is given by equations (3.65), (3.66), and (3.67). In our example, however, the superscripts on the Green’s function can be dropped as the source S is scalar. To obtain C^a, we use equation (3.67) for C_S and the definition of the source perturbation δM (eqs. [3.89] and [3.93]). After integrations by parts

1This is appendix is from (Gizon & Birch, 2002).

146 APPENDIX D. TWO-DIMENSIONAL TRAVEL-TIME KERNELS

on the source variables in the right-hand side of equation (3.67) and the change of variables r = (s + s^′)/2 and u = s − s^′, we obtain

C^a(1, 2, t; r) = 1 T ∫ dt^′ dt_s dt^′_s du m^0(u, t_s − t^′_s) (D.3) ×G^Π(1 − r − u/2, t^′ − t_s) G^Π(2 − r + u/2, t^′ − t^′_s + t) .

The function C^γ is obtained from equation (3.66) with δL defined by equations (3.86) and (3.98). After integrations by parts on the source variables, and a partial integration on the variable r, the result is

C^γ (1, 2, t; r) = 1 2πT ∫ dt^′ dt^{′′} ds dt_s ds^′ dt^′_s dt̄ Γ^0(t^{′′} − t̄) (D.4) ×m^0(s − s^′, t_s − t^′_s) ∇^2_h Ġ_h(r − s, t̄ − t_s) · [α + β] , with

α = G^Π(1 − s^′, t^′ − t^′_s) ∇_hĠ(2 − r, t^′ + t − t^{′′}) (D.5) β = G^Π(2 − s^′, t^′ + t − t^′_s) ∇_hĠ(1 − r, t^′ − t^{′′}) (D.6)

where G_h denotes the two horizontal components of the vector G. In the spacetime domain these integrals are quite complicated to compute. They, however, are greatly simplified when written in terms of the Fourier transforms of the various functions:

C^a(1, 2, t; r) = (2π)^4 ∫ dω dk dk^′ e^{ik·Δ1−ik′·Δ2−iωt} m^{0∗}[(k + k^′)/2, ω] ×G^{Π∗}(k, ω) G^Π(k^′, ω) , (D.7) C^γ (1, 2, t; r) = (2π)^7 ∫ dω dk dk^′ ( e^{ik·Δ1−ik′·Δ2−iωt} + e^{ik·Δ2−ik′·Δ1+iωt} )

×Γ^0(ω)m^0(k, ω)G^Π(k, ω)G^{Π∗}(k, ω) k̂ · k̂^′ G^Π(k^′, ω)/k^′ . (D.8)

We have used the definitions G^Π(k, ω) = F (k, ω)G^Π(k, ω) , (D.9) G^Π(k, ω) = iωk^2G_z(k, ω; z = 0) , (D.10) and the identity G_h(k, ω) = ik̂G_z(k, ω) resulting from equation (3.110). The Green’s function G_z(k, ω) is the ẑ component of G, given by equation (3.110).

With the assumption that m^0 is independent of k, the above expressions can be simplified to

C^a(1, 2, ω; r) = m^0(ω) I^∗(Δ_1, ω) I(Δ_2, ω) , (D.11) C^γ (1, 2, ω; r) = m^0(ω) Δ̂_1 · Δ̂_2 (D.12) ×[II(Δ_1, ω) III(Δ_2, ω) + II(Δ_2, ω) III^∗(Δ_1, ω)] .

The integrals I, II, and III are given by I(d, ω) = (2π)^3 ∫_∞ 0 kdk J_0(kd)G^Π(k, ω) , (D.13) II(d, ω) = (2π)^6 Γ^0(ω) ∫_∞ 0 kdk J_1(kd)G^Π(k, ω)G^{Π∗}(k, ω) , (D.14) III(d, ω) = (2π)^3 ∫_∞ 0 dk J_1(kd)G^Π(k, ω) . (D.15) The kernels for source strength and damping are then obtained from K^{a,γ}_± (1, 2, r) = 4πRe ∫_∞ 0 dω W^∗_±(1, 2, ω)C^{a,γ} (1, 2, ω; r) (D.16) with W^∗_±(1, 2, ω) given equation (3.106). The kernels, in terms of the integrals I, II, and III, are reported in the main body of the text (eqs. [3.118] and [3.120]).

Appendix E

Two-Dimensional Single-Source Kernels for the Damping Rate1

This appendix is a derivation of K^{γ,ss}_+ , which first appears in the main text in equation (3.126). In the single-source picture, we want to derive a kernel K^{γ,ss}_+ which provides an integral relationship between the one-way travel time δτ^{ss}_+ (eq. [3.124]) and the local damping perturbation δγ(r)/γ, i.e.

δτ^{ss}_+ (1, 2) = ∫ (A) dr δγ(r) γ K^{γ,ss}_+ (1, 2; r) . (E.1)

We first rewrite the single-source definition of travel time (eq. [3.124]) in terms of the temporal Fourier transform of the signal observed at point 2:

δτ^{ss}_+ (1, 2) = − Re ∫_∞ 0 dω iω ϕ^{0∗}(2, ω) δϕ(2, ω) ∫_∞ 0 dω ω^2 |ϕ^0(2, ω)|^2

. (E.2)

1This appendix is from (Gizon & Birch, 2002)

Given the pressure source ρΘ, located at point 1, and defined by equation (3.125), the zero- and first-order signals observed at 2 are

ϕ^0(2, ω) = (2π)^4 ∫_∞ 0 kdk J_0(kΔ)G^Π(k, ω)Θ(k, ω) , (E.3)

δϕ(2, ω) = (2π)^4 Γ^0(ω) ∫ (A) dr δγ(r) γ ∫ dk dk^′ e^{ik·Δ1−ik′·Δ2} (E.4) ×G^Π(k, ω)Θ(k, ω) k̂ · k̂^′ G^Π(k^′, ω)/k^′ . Using equation (E.2) we obtain the damping kernel K^{γ,ss}_+ in the form

K^{γ,ss}_+ (1, 2; r) = ∫_∞ 0 dω ω^2|ϕ^0(2, ω)|^2 K^{γ,ss}_+ (1, 2; r; ω) ∫_∞ 0 dω ω^2|ϕ^0(2, ω)|^2

, (E.5)

with the function K^{γ,ss}_+ (single-frequency kernel) defined by

K^{γ,ss}_+ (1, 2; r; ω) = Δ̂_1 · Δ̂_2 Im [ IV(Δ_1, ω) III(Δ_2, ω) ω ϕ^0(2, ω) ] . (E.6)

In the above equation, the function IV is a one-dimensional integral given by

IV(d, ω) = (2π)^3 Γ^0(ω) ∫_∞ 0 kdk J_1(kd)G^Π(k, ω)Θ(k, ω) , (E.7)

and the function III denotes the integral already defined by equation (D.15). Notice from equation (E.5) that the kernel K^{γ,ss}_+ is a frequency average of K^{γ,ss}_+ weighted by ω^2|ϕ^0(2, ω)|^2.

In order to compute the kernel we have to make a choice for the source spectrum, Θ(k, ω). In general, this is difficult without a priori knowledge of the zero-order cross-correlation. When comparing the definition of travel time of Appendix B with the single-source definition (eq. [3.124]), we find that a good match between the two definitions is obtained when ϕ^0(2, t) looks like Hea(t)C^0(1, 2, t). This condition is best met when Θ(k, ω) = − k F (k, ω) m^0(k, ω) 2Γ^0(ω)

. (E.8)

Note that the filter function F (k, ω) appears in equation (E.8). The kernel K^{γ,ss}_+ , shown in Figure 3.15, was computed using this choice.

Appendix F

Derivation of Deep-Focusing Kernels

This appendix gives a detailed derivation of travel-time kernels for the deep-focusing time-distance method discussed in section 4.3. The calculations here are all straightforward applications of the basic theory developed in section 3.4.1.

Section 4.3.2 gives the definition of the deep-focusing cross-correlation and a discussion of the measurement of travel times from these cross-correlations. The purpose of this appendix is compute the travel time kernels K(r), which connect a sound speed perturbation that is only a function of radius with a perturbation to a deep-focusing travel time. The kernels should satisfy δτ = ∫_{R⊙} 0 dr K(r) δc(r) c(r) . (F.1)

In order to compute these kernels we follow the basic recipe presented in section 3.4.1. In the remainder of this introductory section we define the deep-focusing cross-correlation and discuss the measurement of travel times. The Green’s function is discussed in section F.1. Section F.2 gives a derivation of the zero-order crosscorrelation. The power spectrum is discussed in section F.3. The final section, F.4, gives the derivation of the kernels.

The deep-focusing cross-correlation is the time-shifted and windowed average of the individual cross-correlations

C̄(t) = N∑ i=1 f(t − t_i)C_i(t − t_i) . (F.2)

In the above equation C̄(t) is the deep-focusing cross-correlation and C_i are the single-distance correlations. The index i gives the distance at which the crosscorrelation C_i is computed. The times t_i are the nominal travel times; they depend on the distance index i. The function f(t) is the window function, taken to be one for |t| < 10 min and zero elsewhere. The number of distances that are used in the deep-focusing average is given by N.

The zero-order deep-focusing cross-correlation is

C̄^0(t) = N∑ i=1 f(t − t_i)C^0_i (t − t_i) (F.3)

and the first-order perturbation to the deep-focusing cross-correlation is

δC̄(t) = N∑ i=1 f(t − t_i)δC_i(t − t_i) . (F.4)

Throughout this appendix the superscript 0 will be used to denote background quantities, and a preceding δ to denote first-order perturbations.

As in section 3.4.1, we measure travel times by minimizing a function X,

τ = argmin_t X(t) , (F.5)

where X(t) = ∫ dt^′ [¯ C(t^′) − C^{ref} (t^′ − t)

]_2 . (F.6)

Notice that a reference cross-correlation, C^{ref} , has been introduced. In the case of the deep-focusing study in this dissertation the average deep-focusing cross-correlation over longitude was employed as the reference cross-correlation.

According to the recipe, we now need to obtain a linear relationship between perturbations to the cross-correlations and the travel time. We are looking for the argument of X where the derivative of X is zero. The time derivative of X is Ẋ(τ) ∝ ∫ dt [¯ C(t) − C^{ref} (t − τ) ]˙ C^{ref} (t − τ) . (F.7)

In the unperturbed case C̄ = C̄^0 and X is maximum when τ = τ^0, which we take as the definition for the time lag τ_0. The zero order time lag τ^0 thus satisfies 0 = ∫ dt [¯ C^0(t) − C^{ref} (t − τ^0) ]˙ C^{ref} (t − τ^0) . (F.8)

If we perturb Ẋ(τ) around τ = τ^0 in equation (F.7) and set the result equal to zero the result is 0 = ∫ dt [ C̄^0(t) + δC̄(t) − C^{ref} (t − τ^0) + δτĊ^{ref} (t − τ^0) ] (F.9) × [ Ċ^{ref} (t − τ^0) − δτC̈^{ref} (t − τ^0) ]

The above equation can simplified by using equation (F.8). The result is

δτ = ∫ dt δC̄(t)Ċ^{ref} (t − τ^0) ∫ dt C̄^0(t)C̈^{ref} (t − τ^0)

. (F.10)

We have used the assumption that C^{ref} vanishes at the ends of the time window, which is reasonable. This is the result that we had set out to obtain, a linear relationship between the perturbation to the cross-correlation and the perturbation to the deep-focusing travel time.

F.1 Green’s Function

The spatially filtered zero order Green’s function is (Dahlen & Tromp, 1998) G(x, x_s, t) = ∑ nlm F_lU_{nl}(R_⊙)D_{nl}(x_s) (F.11)

×Y_{lm}(x)Y_{lm}(x_s) cos (ω_{nl}t) exp (−γ_{nl}t)Hea(t) .

F.2. ZERO-ORDER CROSS-CORRELATION 153

This Green’s function gives the radial velocity response (which we are assuming is the signal) at location x and time t to a monopole impulsive source at the solar surface at x_s at time zero. The γ_{nl} are the mode damping rates. For this work we assume that the filter, F, acts on spherical harmonics as F {Y_{lm}(θ, ϕ)} = F_lY_{lm}(θ, ϕ) . (F.12) Equation (F.11) for the Green’s function is only exact when the eigenfunctions form a complete basis. As we have seen throughout this dissertation, once we have the zero order Green’s function we can obtain the zero-order cross-correlation by making some assumption about the statistics of the wave sources.

F.2 Zero-Order Cross-Correlation

From section 3.4.1 we know that the zero-order cross-correlation can be obtained from the Green’s function

C^0(1, 2, t) = 1 T ∫ dt^′ ds dt_s ds^′ dt^′_s M^0(s, t_s; s^′, t^′_s) (F.13) ×G(1, s, t^′ − t_s) G(2, s^′, t^′ + t − t^′_s) .

For the sake of computational simplicity we assume that the sources are uncorrelated in space and time, so that the source covariance can be written as

M^0 = A(s)δ_D(s − s^′)δ_D(t_s − t^′_s) . (F.14)

Here s = |s| is the source depth variable and the function A(r) gives the distribution of the square of the source strength with depth.

With equation (F.14) for the source covariance, the cross-correlation becomes

C^0(1, 2, t) = 1 T ∫ dt^′ ds dt_s A(|s|) (F.15) ×G(1, s, t^′ − t_s) G(2, s, t^′ + t − t_s) .

By plugging equation (F.11) into the above equation and doing some algebra,

C^0(1, 2, t) = 1 T ∑ nlm ∫ dt^′ s^2ds dt_s A(s) (F.16)

×F^2_l U^2_{nl}(R_⊙)Y_{lm}(1)Y_{lm}(2)D^2_{nl}(s) × cos (ω_{nl}(t^′ − t_s)) exp (−γ_{nl}(t^′ − t_s))Hea(t − t_s) × cos (ω_{nl}(t^′ + t − t_s)) exp (−γ_{nl}(t^′ + t − t_s))Hea(t^′ + t − t_s) .

The time integrals over t^′ and t_s can be done in the small damping limit, and the sum over m can be done analytically to obtain

C^0(1, 2, t) = ∑ nl 2l + 1 4π ∫ s^2ds A(s)F^2_l U^2_{nl}(R_⊙)D^2_{nl}(s)P_l(cos Δ) (F.17) × exp (−γ_{nl}|t|) 4γ_{nl} cos (ω_{nl}t) .

In the above equation Δ is the distance between 1 and 2 and P_l are the Legendre polynomials. If we make the further simplification that the wave sources are all located at a particular depth s then the cross-correlation simplifies to

C^0(1, 2, t) = ∑ nl 2l + 1 4π F^2_l U^2_{nl}(R_⊙)D^2_{nl}(s)P_l(cos Δ) (F.18) × exp (−γ_{nl}|t|) 4γ_{nl} cos (ω_{nl}t) .

Notice that we have nelgected to include the factor s^2A(s). This is because an overall amplitude to the cross-correlation that doesn’t depend on distance or time is not relevant to the computation of travel-time kernels. Equation (F.19) gives the zero order cross-correlation in the background solar model.

F.3 Power Spectrum

The calculation of the power spectrum is, in a sense, a digression from the main task of this appendix. Knowledge of the power spectrum for a particular source model is very useful however, as it provides a constraint on the source covariance matrix

M. The calculation here proceeds in much the same manner as the derivation of equation (3.113).

We define the power spectrum to be (Dahlen & Tromp, 1998)

P_l(ω) = 1 2l + 1 l∑ m=−l E [ϕ^∗_{lm}(ω)ϕ_{lm}(ω)] (F.19)

where ϕ is the observable, in this case radial velocity. After some algebra the above equation can be rewritten as 1 T P_l(ω) = ∑ nn^′ ∫ s^2ds A(s)F^2_l U_{nl}(R_⊙)U_n′_l(R_⊙)D_{nl}(s)D_n′_l(s)L_{nl}(ω)L^∗_n′_l(ω) (F.20)

where T is the time interval the spectrum is computed over, and L_{nl}(ω) = 1 2π γ_{nl} − iω ω^2_{nl} + (γ_{nl} − iω)^2

. (F.21)

Though we started from the certainly oversimplified assumption that the wave sources were spatially and temporally uncorrelated monopoles, equation (F.20) shows a number of important features. First of all, line asymmetry is seen as a result of the n^′ ≠ n terms. Also the effect of mode inertia is clear, from the presence of U_{nl}(R_⊙)U_n′_l(R_⊙).

F.4 Derivation of Kernels

We now return to the main task, the computation of travel-time kernels. The following definitions substantially simplify the upcoming algebra

a^i_l =

2l + 1 4π F^2_l P_l(cos Δ_i) , (F.22)

b_{nl} = U^2_{nl}(R_⊙)D^2_{nl}(s) , (F.23)

c_{nl}(t) = cos ω_{nl}t exp (−γ_{nl}|t|) 4γ_{nl} . (F.24)

The index i on a^i_l denotes that a depends on the distance Δ_i. Neither b nor c depend on distance. In terms of the above definitions the zero-order cross-correlation (eq. [F.19]) is C^0_i (t) = ∑ nl a^i_lb_{nl}c_{nl}(t) . (F.25)

Here again the index i carries the distance dependence. As in section 3.2.2 we next perturb the zero order cross-correlation.

The perturbations to the eigenfunctions and frequencies due to a spherically symmetric perturbation δL to the wave operator L are (eq. [3.33])

δU_{nl}(R_⊙) = ′∑ n^′ δL^l_{nn}′ ω^2_{nl} − ω^2_n′_l

U_n′_l(R_⊙) , (F.26)

δD_{nl}(s) = ′∑ n^′ δL^l_{nn}′ ω^2_{nl} − ω^2_n′_l

D_n′_l(s) , (F.27)

δω_{nl} = δL^l_{nn} 2ω_{nl} . (F.28)

The notation ∑_′ n^′ means the sum over n

′, excluding the term n^′ = n. The resulting perturbation to the cross-correlation is δC_i(t) = ∑ nn^′l a^i_lD_{nl}(s)D_n′_l(s)δL^l_{nn}′ U^2_{nl}c_{nl}(t) − U^2_n′_l(t)c_n′_l(t)

ω^2_{nl} − ω^2_n′_l

(F.29) + ∑ nn^′l a^i_lU_{nl}(R_⊙)U_n′_l(R_⊙)δL^l_{nn}′ D^2_{nl}c_{nl}(t) − D^2_n′_lc_n′_l(t)

ω^2_{nl} − ω^2_n′_l − ∑ nl a^i_lb_{nl}δL^l_{nn} −t sin (ω_{nl}t) 2ω_{nl} exp (−γ_{nl}t) 4γ_{nl} .

It is convenient to introduce P = ∫ dt C̄^0(t)C̈^{ref} (t − τ^0) . (F.30)

The following definitions will also be useful: A^{i,l}_{nn}′ = 1 P ∫ dt f(t − t_i)Ċ^{ref} (t − τ^0) (F.31) × U^2_{nl}(R_⊙)c_{nl}(t − t_i) − U^2_n′_l(R_⊙)c_{nl}(t − t_i) ω^2_{nl} − ω^2_n′_l ,

B^{i,l}_{nn}′ = 1 P ∫ dt f(t − t_i)Ċ^{ref} (t − τ^0) (F.32) × D^2_{nl}(s)c_{nl}(t − t_i) − D^2_n′_l(s)c_{nl}(t − t_i) ω^2_{nl} − ω^2_n′_l ,

C^{i,l}_{nn}′ = δ_{nn}′ 1 P ∫ dt f(t − t_i)Ċ^{ref} (t − τ^0) (F.33) × −(t − t_i) sin [ω_{nl}(t − t_i)] 2ω_{nl} exp (−γ_{nl}t) 4γ_{nl} . Equation (F.10) can then be written, using equations (F.4) and (F.29), as δτ = ∑ nn^′l,i a^i_lδL^l_{nn}′ [ D_{nl}(s)D_n′_l(s)A^{i,l}_{nn}′ + U_{nl}(R_⊙)U_n′_l(R_⊙)B^{i,l}_{nn}′ + b_{nl}C^{i,l}_{nn}′ ] . (F.34)

For the case of sound speed perturbations δL^l_{nn}′ = ∫_{R⊙} 0 ρr^2dr δc^2D_{nl}(r)D_n′_l(r) (F.35) so δτ = ∫_{R⊙} 0 dr K(r) δc(r) c(r) (F.36)

with

K(r) = 2ρc^2r^2 ∑ nn^′l,i a^i_lD_{nl}(r)D_n′_l(r) (F.37) × [ D_{nl}(s)D_n′_l(s)A^{i,l}_{nn}′ + U_{nl}(R_⊙)U_n′_l(R_⊙)B^{i,l}_{nn}′ + b_{nl}C^{i,l}_{nn}′ ] . We used the above equation to compute the kernels for section 4.3.

Appendix G

Time-Domain Calculation of 3D Kernels

The purpose of this appendix is to describe some preliminary work that I have done on the time-domain computation of three-dimensional travel-time kernels for p modes. As we saw in section 3.4.1 the computation of travel-time kernels involves numerous time-domain integrals. We then saw in section 3.4.2 that with some reasonable assumptions regarding the source covariance matrix the computation could be written in a simple form in the Fourier domain.

In section 3.4.2 we looked at travel-time kernels for surface gravity waves, with a filter that only allowed waves with frequencies between two and four mHz. This filter ensured that we did not have to compute anything using waves with very small line-widths. For computations of p-mode kernels at large distances, we do have to take into account modes with very small damping rates (e.g. n = 11, l = 0 has a frequency of 1.7 mHz and a damping rate of 0.2 μHz ). When these very weakly damped modes are present doing numerical integrations in the Fourier (temporal frequency) domain is difficult, as essentially the grid must be fine enough to resolve the lines in the power spectrum. Using a grid spacing of 0.02 μHz to cover a range of a few mHz gives a grid size of 10^5 grid points, which is doable, but not appealing.

Another approach would be to do a calculation in the time domain, working in the small damping approximation, as I do in Appendix F. In that particular case we were concerned only with kernels for sound speed perturbations that are constant on spheres and as a result did not have to worry about coupling between modes with different l, which vastly simplified the calculation. In the case of only coupling modes with same angular degree, there are no accidental degeneracies. In the general case, something must be done to treat modes that are accidentally degenerate in frequency.

The basic outline of my approach is as follows. I start with the basic formalism of section 3.4.1. I write the normal mode expansion of the Green’s function, as in Appendix F. It is then straightforward, though painfully complicated, to write an expression for travel-time kernels, keeping all the calculations in the time domain. It is then a matter of doing algebra to obtain an expression for travel-time kernels in the weak-damping limit. As the algebra is quite complicated, these results have not been verified in detail, and may contain important mistakes. Rather than present the details here, I refer the interested reader to the web: http://soi.stanford.edu/papers/dissertations/birch/time domain kernels.ps for a research note detailing my progress on this problem.

Appendix H

Descriptions of Some Useful Codes

In this appendix I describe some of the MATLAB codes that I have developed for doing the work described in this dissertation. The list of codes here is quite far from complete. The codes described in this appendix, along with the supporting codes, can be found on the web (http://soi.Stanford.EDU/papers/dissertations/birch). The two sections of this appendix cover the codes for normal mode based calculations (section H.1) and ray theory calculations (section H.2).

H.1 Normal Mode Calculations

All of the routines in this section are based on a normal mode expansion of the Green’s function (Dahlen & Tromp, 1998). In general these codes take as input a set of eigenfunctions, frequencies, and damping rates. This is described in detail in the on-line documentation. Most of the functions also require as estimate of the instrumental OTF.

• run single xcorr.m: This code computes the cross-correlation signal for a particular distance. The inputs are the normal-mode frequencies, damping rates, and the amplitudes with which each mode contributes to the crosscorrelation. This amplitude factor can be computed from the filter function in the single-source model, or from the OTF and the source covariance matrix in the distributed-source model. This routine is one of the basic building blocks for many of the computations done in this dissertation. It can be used to do

H.2. RAY CALCULATIONS 161

forward calculations for travel times, as the forward problem for normal-mode frequencies is already well known.

• run kernel.m: This code computes slices through the 3D single-source kernels described in section 3.2 and can also compute 1D kernels.

H.2 Ray Calculations

This packages contains three main codes. There is one, run tau.m, that computes first-skip distances and group times for rays with given frequency and angular degree. Another code, run raypath.m, is available to compute full ray paths as well as the phase and group times along the ray path. Finally, ray kernel.m uses the output of

run raypath.m to compute ray kernels for the effect of sound-speed perturbations

on travel times. None of these codes do anything that is particularly new; they are all based on standard results from the literature. That said, however, I have found them very useful.

Bibliography

Aizenman, M., Smeyers, P., & Weigert, A. 1977, Astron. Astrophys., 58, 41 Antia, H. M. & Basu, S. 2001, ApJ, 559, L67 Babaev, E. S., Dzhalilov, N. S., & Zhugzhda, Y. D. 1995, Astronomy Reports, 39, 211 Backus, G. E. & Gilbert, J. F. 1968, Geophys. J. R. A. S., 16, 169 Bai, T. 1990, ApJ, 364, L17 Banerjee, D., Hasan, S. S., & Christensen-Dalsgaard, J. 1995, Astrophys. J., 451, 311 —. 1997, Sol. Phys., 172, 53 Basu, S. & Antia, H. M. 2001, MNRAS, 324, 498 Basu, S. et al. 1997, MNRAS, 292, 243 Birch, A. C. & Kosovichev, A. G. 1998a, ApJ, 503, L187 Birch, A. C. & Kosovichev, A. G. 1998b, in Structure and Dynamics of the Interior of the Sun and Sun-like Stars SOHO 6/GONG 98, ed. S. Korzennik & A. Wilson (Noordwijk: ESA Publications Division), 679 —. 2000, Solar Phys., 192, 193 Birch, A. C. & Kosovichev, A. G. 2001, in Proceedings of the SOHO10/GONG2000 Workshop: Helio- and Asteroseismology at the Dawn of the Millennium, ed. A. Wilson (Noordwijk: ESA), 187

Birch, A. C., Kosovichev, A. G., Price, G. H., & Schlottmann, R. B. 2001a, ApJ, 561, L229 Birch, A. C., Kosovichev, A. G., Spiegel, E. A., & Tao, L. 2001b, Sol. Phys., 199, 291 Bogdan, T. J. 2000, Sol. Phys., 192, 373 Bogdan, T. J., Brown, T. M., Lites, B. W., & Thomas, J. H. 1993, ApJ, 406, 723 Bogdan, T. J. & Cally, P. S. 1997, Proc. R. Soc. Lond. A, 453, 943 Braun, D. C., Duvall, Jr., T. L., & LaBonte, B. J. 1988, ApJ, 335, 1015 Braun, D. C. & Lindsey, C. 2000, Sol. Phys., 192, 285 Buchler, J. R., Goupil, M.-J., & Hansen, C. J. 1997, Astron. Astrophys., 321, 159 Cally, P. S. & Bogdan, T. J. 1997, ApJ, 486, L67 Chandrasekhar, S. 1981, Hydrodynamic and Hydromagnetic Stability (New York:

Dover) Chou, D.-Y. & Dai, D.-C. 2001, ApJ, 559, L175 Chou, D.-Y. & Duvall, Jr., T. L. 2000, ApJ, 533, 568 Chou, D.-Y., LaBonte, B. J., Braun, D. C., & Duvall, Jr., T. L. 1991, ApJ, 372, 314 Chou, D.-Y. et al. 2001, in Proceedings of the SOHO10/GONG2000 Workshop:

Helio- and asteroseismology at the dawn of the millenium, ed. A. Wilson (Noordwijk: ESA), 157 Christensen-Dalsgaard, H. & Frandsen, S. 1983, Sol. Phys., 82, 165 Christensen-Dalsgaard, J. 1981, M.N.R.A.S., 194, 229 —. 1994, Lecture Notes on Stellar Oscillations, Institut for Fysik og Astronomi, Aarhus Universitet

Christensen-Dalsgaard, J. & Berthomieu, G. 1991, in Solar Interior and Atmosphere, ed. A. N. Cox, W. C. Livingston, & M. Mathhews (Tucson: University of Arizona Press), 401 Christensen-Dalsgaard, J., Proffit, C. R., & Thompson, M. J. 1993, ApJ, 403, L75 Covas, E., Tavakol, R., Moss, D., & Tworkowski, A. 2000, Astron. & Astrophys., 360, L21 Dahlen, F. A., Hung, S.-H., & Nolet, G. 2000, Geophys. J. Int., 141, 157 Dahlen, F. A. & Tromp, J. 1998, Theoretical Global Seismology (Princeton, NJ:

Princeton University Press) D’Silva, S., Duvall, Jr., T. L., Jefferies, S. M., & Harvey, J. W. 1996, ApJ, 471, 1030 Duvall, T. L., J., Kosovichev, A. G., Scherrer, P. H., Bogart, R. S., Bush, R. I., De Forest, C., Hoeksema, J. T., Schou, J., Saba, J. L. R., Tarbell, T. D., Title, A. M., Wolfson, C. J., & Milford, P. N. 1997, Solar Physics, 170, 63 Duvall, Jr., T. L., D’Silva, S., Jefferies, S. M., Harvey, J. W., & Schou, J. 1996, Nature, 379, 325 Duvall, Jr., T. L. & Gizon, L. 2000, Sol. Phys., 192, 177 Duvall, Jr., T. L., Jefferies, S. M., Harvey, J. W., Osaki, Y., & Pomerantz, M. A.

1993a, ApJ, 410, 829 Duvall, Jr., T. L., Jefferies, S. M., Harvey, J. W., & Pomerantz, M. A. 1993b, Nature, 362, 430 Duvall, Jr., T. L., Kosovichev, A. G., & Murawski, K. 1998, ApJ, 505, L55 Dziembowski, W. A. & Goode, P. R. 1989, ApJ, 347 —. 1991, ApJ, 376, 782 —. 1997, Astron. & Astrophys., 317, 919 Elphick, C., E Tirapegui, M. E. B., Coullet, P., & Iooss, G. 1987, Physica D, 29, 95

Fan, Y., Fisher, G. H., & McClymont, A. N. 1994, ApJ, 436, 907 Field, G. B. 1965, ApJ, 142, 531 Gibson, E. G. 1973, The Quiet Sun (Washington D.C.: NASA) Giles, P. M., Duvall, Jr., T. L., & Scherrer, P. H. 1997, Nature, 390, 52 Giles, P. M., Duvall, Jr., T. L., & Scherrer, P. H. 1998, in Structure and Dynamics of the Interior of the Sun and Sun-like Stars SOHO6/GONG98, 775–780 Gilman, P. A. 1974, Sol. Phys., 36, 61 Gilman, P. A. & Fox, P. A. 1999, ApJ, 522, 1167 Gilman, P. A. & Miller, J. 1986, ApJ, 61, 585 Gizon, L. & Birch, A. C. 2002, ApJ, in press Gizon, L., Duvall, Jr., T. L., & Larsen, R. M. 2000, J. Astrophys. Astr., 21, 339 Gore, A. 1997, Sol. Phys., 171, 239 Gough, D. 1985, Sol. Phys., 100, 65 Gough, D. O. 1987, in Astrophysical Fluid Dynamics, ed. J. P. Zahn & J. Zinn-Justin (Amsterdam, The Netherlands: Elsevier Publishers) Gough, D. O. 1996, in The Structure of the Sun, ed. T. R. Cortés & F. Sánchez (Great Britain: Cambridge University Press), 144 Gough, D. O. & McIntyre, M. E. 1998, Nature, 394, 755 Gough, D. O. & Stark, P. B. 1993, ApJ, 415, 376 Guckenheimer, J. & Holmes, P. 1983, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields (New York: Springer-Verlag) Haber, D. A., Hindman, B. W., Toomre, J., Bogart, R. S., Thompson, M. J., & Hill, F. 2000, Sol. Phys., 192, 335

Harvey, J. et al. 1988, in Seismology of the Sun and Sun-like Stars, ed. E. J. Rolfe (Noordwijk: ESA Publications) Hasan, S. S. 1986, MNRAS, 219, 357 Hernandez, I. G., Patrón, J., Cortés, T. R., Bogart, R. S., Hill, F., & Rhodes, Jr., E. J. 2000, ApJ, 535, 454 Hill, F. 1988, ApJ, 333, 996 Howe, R., Christensen-Dalsgaard, J., Hill, F., Komm, R. W., Larsen, R. M., Schou, J., Thompson, M. J., & Toomre, J. 2000a, ApJ, 533, L163 Howe, R. et al. 2000b, Science, 287, 2456 Hung, S.-H., Dahlen, F. A., & Nolet, G. 2000, Geophys. J. Int., 141, 175 —. 2001, Geophys. J. Int., 146, 289 Jackson, J. D. 1975, Classical Electrodynamics, 2nd edn. (New York: John Wiley & Sons) Jensen, J. M., Duvall, Jr, T. L., Jacobsen, B. H., & Christensen-Dalsgaard, J. 2001, ApJ, 533, L193 Jensen, J. M., Jacobsen, B. H., & Christensen-Dalsgaard, J. 1998, in Structure and Dynamics of the Interior of the Sun and Sun-like Stars SOHO6/GONG98, ed. S. Korzennik & A. Wilson (Noordwijk: ESA Publications Division), 635–640 Jensen, J. M., Jacobsen, B. H., & Christensen-Dalsgaard, J. 2000, Solar Phys., 192, 231 Komm, R. W., Howe, R., & Hill, F. 2000, ApJ, 543, 472 Kosovichev, A. G. 1996a, ApJ, 461, L55 —. 1996b, ApJ, 469, L61 Kosovichev, A. G. & Duvall, Jr., T. L. 1997, in SCORe’96 : Solar Convection and Oscillations and their Relationship, 241–260

Kosovichev, A. G., Duvall, Jr., T. L., & Scherrer, P. H. 2000, Sol. Phys., 192, 159 Kosovichev, A. G. & Parchevsky, K. V. 1988, Sov. Astron. Lett., 14, 201 Kosovichev, A. G. & Schou, J. 1997, ApJ, 482, 207 Kosovichev, A. G. et al. 1997, Sol. Phys., 170, 43 Kumar, P. & Basu, S. 2000, ApJ, 545, L65 Lamb, H. 1932, Hydrodynamics, sixth edn. (New York: Dover) Lee, U. & Saio, H. 1989, MNRAS, 237, 875 —. 1990, Astrophys. J., 360, 590 Leibacher, J. & the GONG Project Team. 1998, in Structure and Dynamics of the Interior of the Sun and Sun-like Stars SOHO 6/GONG 98, ed. S. Korzennik & A. Wilson (Noordwijk: ESA Publications Division), 3 Leibacher, J. W. & Stein, R. F. 1971, Astrophys. Lett., 7, 191 Leighton, R. B., Noyes, R. W., & Simon, G. W. 1962, ApJ, 135, 474 Li, L. H., Robinson, F. J., Demarque, P., Sofia, S., & Guenther, D. B. 2002, ApJ, 567, 1192 Lindsey, C. & Braun, D. C. 1997, ApJ, 485, 895 —. 2000, Science, 287, 1799 Lynden-Bell, D. & Ostriker, J. P. 1967, M.N.R.A.S., 136, 293 Manneville, P. 1990, Dissipative Structures and Weak Turbulence (New York: Academic.)

Marquering, H., Dahlen, F. A., & Nolet, G. 1999, Geophys. J. Int., 137, 805 Miesch, M. S., Elliott, J. R., Toomre, J., Clune, T. L., Glatzmaier, G. A., & Gilman, P. A. 2000, ApJ, 532, 593

Mihalas, B. W. & Toomre, J. 1982, ApJ, 263, 386 Morse, P. M. & Feshbach, H. 1953, Methods of Theoretical Physics (New York:

McGraw-Hill) Murawski, K. & Roberts, B. 1993, A&A, 272, 595 Nigam, R. & Kosovichev, A. G. 1999, ApJ, 514, L53 Osaki, T. 1966, Publications of the Astronomical Society of Japan, 18, 433 Rajaguru, S. P., Basu, S., & Antia, H. M. 2001, ApJ, 563, 410 Regev, O. & Buchler, J. R. 1981, Astrophys. J., 250, 769 Rickett, J. & Claerbout, J. 1999, The Leadging Edge, 18, 957 Rickett, J. E. & Claerbout, J. F. 2000, Sol. Phys., 192, 203 Saff, E. B. & Snider, A. D. 1993, Fundamentals of Complex Analysis for Mathematics, Science, and Engineering (Upper Saddle River: Prentice Hall) Sakurai, J. J. 1995, Modern Quantum Mechanics (USA: Addison-Wesley) Scherrer, P. H., Bogart, R. S., Bush, R. I., Hoeksema, J. T., Kosovichev, A. G., Schou, J., Rosenberg, W., Springer, L., Tarbell, T. D., Title, A., Wolfson, C. J., Zayer, I., & The MDI Engineering Team. 1995, Sol. Phys., 162, 129 Schlottmann, R. B. 2000, PhD thesis, The University of Texas at Austin Schou, J. 1992, PhD thesis, Aarhus University Schou, J., Howe, R., Basu, S., Christensen-Dalsgaard, J., Corbard, T., Hill, F., Komm, R., Larsen, R. M., Rabello-Soares, M. C., & Thompson, M. J. 2002, ApJ, 567, 1234 Schou, J. et al. 1998, ApJ, 505, 390 Schrijver, C. J. & Zwaan, C. 2000, Solar and Stellar Magnetic Activity (Cambridge:

Cambridge University Press)

Sekii, T. 1997, in Sounding Solar Interiors (Netherlands: Kluwer Academic Publishers), 189 Skartlien, R. 2001, ApJ, 554, 488 Sneider, R. & Lomax, A. 1996, Geophys. J. Int., 125, 796 Snodgrass, H. B. & Howard, R. 1985, Sol. Phys., 95, 221 Souffrin, P. 1972, Astron. & Astrophys., 17, 458 Spiegel, E. A. 1957, ApJ, 126, 202 —. 1993, Astrophys. Space Sci., 210, 33 Stein, R. F. 1967, Sol. Phys., 2, 385 Stein, R. F. & Nordlund, A. 2000, Sol. Phys., 192, 91 Strous, L. H., Goode, P. R., & Rimmele, T. R. 2000, ApJ, 535, 1000 Syrovat-skii, S. I. & Zhugzhda, Y. D. 1968, Soviet Physics-Astronomy, 11, 945 Syrovatskii, S. I. & Zhugzhda, Y. D. 1968, Sov. Phys.-Astron., 11, 945 Tarbell, T. D., Acton, D. S., & Frank, Z. A. 1997, in Adaptative Optics, Vol. 13, ed. D. Hennage (Washington, DC: OSA), 96 Title, A. M. & Schrijver, C. J. 1998, in Cool stars, Stellar Systems and the Sun :

Tenth Cambridge Workshop (San Francisco: Astronomical Society of the Pacific, San Francisco, U.S.A.), 345 Title, A. M., Tarbell, T. D., Topka, K. P., Ferguson, S. H., Shine, R. A., & The SOUP Team. 1989, ApJ, 336, 475 Tong, J., Dahlen, F. A., Nolet, G., & Marquering, H. 1998, Geophys. Res. Lett., 25, 1983 Ulrich, R. K. 1970, ApJ, 162, 993 Umbanhowar, P., Melo, F., & Swinney, H. L. 1996, Nature, 382, 793

Umurhan, O. M. 1999, PhD thesis, Columbia University Umurhan, O. M., Tao, L., & Spiegel, E. A. 1999, Ann. N. Y. Acad. Sci., 867, 298 Vernazza, J. E., Avrett, E. H., & Loeser, R. 1981, ApJS, 45, 635 Woodard, M. 2002, ApJ, 565, 634 Woodard, M. F. 1997, ApJ, 485, 890 Woodard, M. F. & Libbrecht, K. G. 1993, ApJ, 402, L77 Yaglom, A. M. 1962, An Introduction to the Theory of Stationary Random Functions (Englewood Cliffs: Prentice-Hall) Zhao, J., Duvall, Jr., T. L., & Kosovichev, A. G. 2001, ApJ, 557, 384 Zhao, L. & Jordan, T. H. 1998, Geophys. J. Int., 133, 683